Propellants or combustion products can reach high pressures and temperatures in advanced or conventional propulsion systems. Variations in flow properties and the effects of real gases along a nozzle can become significant and influence the calculation of propulsion and thermodynamic parameters used in performance analysis and design of rockets. This work derives new analytical solutions for propulsion parameters, considering gases obeying the van der Waals equation of state with specific heats varying with pressure and temperature. Steady isentropic one-dimensional flows through a nozzle are assumed for the determination of specific impulse, characteristic velocity, thrust coefficient, critical flow constant, and exit and throat flow properties of He, H 2 , N 2 , H 2 O, and CO 2 gases. Errors of ideal gas solutions for calorically perfect and thermally perfect gases are determined with respect to van der Waals gases, for chamber temperatures varying from 1000 to 4000 K and chamber pressures from 5 to 35 MPa. The effects of covolumes and intermolecular attraction forces on flow and propulsion parameters are analyzed.
Introduction
The classical equations for the calculation of rocket propulsion parameters are based on one-dimensional flows of ideal gases with constant properties [1] . The NASA CEA (Chemical Equilibrium and Applications) code is largely used for the preliminary design of rockets and calculates nozzle properties and propulsion parameters considering frozen or equilibrium one-dimensional flows of thermally perfect ideal gases [2] . Nevertheless, propellants and combustion products in advanced or conventional propulsion systems, such as electrothermal, microwave, laser, nuclear, and chemical rockets, can attain relatively high temperatures and pressures [3] [4] [5] [6] . In general, at elevated temperatures, the effects of molecular attraction are negligible and compressibility factors of fluids are close to unity. However, pressures and temperatures decrease rapidly and at different rates along the nozzle, and consequently, real gas effects and variations of properties can become significant. Chamber conditions also can be affected by real gas behavior, such as equilibrium composition and temperature, reaction rates, and other combustion parameters, especially at high pressures [7, 8] . Other processes can affect the performance of nozzles and propulsion parameters, such as viscous losses, chemical kinetics, heat transfer, boundary layer, flow separation, shock waves, twophase flow, and three-dimensional effects [9] [10] [11] [12] [13] . Correction factors are often used to estimate the performance of real nozzles; however, there is limited information about the effects of real gases and variable properties.
The main propulsion parameters used to evaluate performance characteristics of rockets are specific impulse, characteristic velocity, and thrust coefficient. Specific impulse relates the total impulse to the total weight of a burned or ejected propellant. The characteristic velocity is a measure of propellant performance and motor design quality, whereas the thrust coefficient indicates nozzle design efficiency. Another important parameter, mainly used for a nozzle design, is the critical flow constant which determines the mass flow rate from chamber stagnation conditions [1] .
Several studies have considered one-dimensional flows of perfect gases or imperfect gases with variable properties in nozzles, in general without focusing on the determination of propulsion parameters. Johnson [14] investigated the effects of real gases on the critical flow constant, using virial equations based on curve fits of thermodynamic tables. Critical flow constants were determined for air, N 2 , O 2 , normal-H 2 , para-H 2 , and steam; for temperatures 389-833 K; and for pressures 0-300 atm. Witte and Tatum [15] developed a computer code to determine thermally ideal gas properties, using specific heats approximated as NASA fourth-order polynomials of the temperature. The AGARD-AR-321 report [16] presented real gas discharge coefficients, based on experimental and numerical data from Masure and Johnson, in order to correct the mass flow rate and thrust in air nozzles for stagnation temperatures up to 344 K and stagnation pressures up to 100 bar, and the results were then compared to calorically perfect ideal gas solutions. Kim et al. [17] investigated the flow of high-pressure hydrogen gas through a critical nozzle, using the Redlich-Kwong equation of state with the axisymmetric, compressible Navier-Stokes equations to account for the intermolecular forces and molecular volume of hydrogen. They verified that the critical pressure ratio and the discharge coefficient for the ideal gas assumption are significantly different from those of the real gas, as the Reynolds number happens to exceed a certain value. Yoder et al. [18] have made numerical simulations of air flow through a nozzle assuming calorically perfect air, a calorically perfect gas mixture, and a frozen gas mixture. Thus, they have managed to determine performance parameters such as mass flow rate, gross thrust, and thrust coefficient. Górski and Rabczak [19] have compared experimental data with theoretical results of the critical flow constant for dense gases. The 1D nonlinear model used parameters of the isentropic flow of real gases, analogous to an ideal gas flow. Nagao et al. [20] have investigated the real gas effects on discharge coefficient and thermodynamics properties through a critical nozzle by using H 2 , N 2 , CH 4 , and CO 2 , with the help of a CFD method. Ding et al. [21] have adopted equations of state based on the Helmholtz energy to describe the flow of hydrogen through a critical nozzle and compared theoretical results with experimental data and CFD simulations with different equations of state. Costa [22] has investigated propulsion parameters of Noble-Abel gases and verified that covolume and variation of specific heats with temperature can influence significantly the propulsion parameters, depending on the pressures and temperatures considered.
The present work extends previous studies and derives new analytical solutions for rocket propulsion parameters and nozzle flow thermodynamic parameters of real gases obeying the van der Waals equation of state and provides data for a broad range of stagnation pressures and temperatures. The effects of covolumes and intermolecular attraction forces are analyzed, and the percent errors of propulsion parameters and flow thermodynamic properties of calorically perfect and thermally perfect ideal gases are calculated with respect to van der Waals gases. Steady isentropic onedimensional frozen flows of He, H 2 , N 2 , H 2 O, and CO 2 are considered for vacuum expansion with chamber temperatures 1000-4000 K, chamber pressures 5-35 MPa, and nozzle expansion ratios 50-200. At high pressures, the specific heats are assumed to depend on pressure and temperature, whereas at low pressures they are calculated based on fourth-order polynomials of temperature [23] , as adopted by NASA CEA code [2] . These low pressure-specific heats are adjusted from experimental and theoretical data from different sources, for temperatures from 0 to 20000 K. Lower temperatures (1000-2500 K) are usually reached in electrothermal and catalytic augmented thrusters while higher temperatures (2500-4000 K) can be attained in chemical and nuclear rockets.
Theoretical Analysis
The van der Waals equation of state (VDW EOS) has the following form:
where P is the pressure, T is the temperature, v is the specific volume, R is the specific gas constant, a is the coefficient for intermolecular attraction, and b is the covolume, an effective molecular volume. Constants a and b are, in general, determined in terms of critical constants, as presented in Table 1 . Alternatively, these constants can be determined by curve fits of experimental data or from more accurate equations of state for specific ranges of pressure and temperature. Nevertheless, experimental data for fluids at high pressures are, in general, limited to temperatures lower than 2000 K [24] . In the case of mixtures of propellants or combustion products, the VDW constants a and b can be estimated from a = ∑X i a i and b = ∑X i b i , where X i is the molar fractions of propellant/product i or can be estimated from pseudocritical constants, as described by Walas [25] . Maximum densities considered in this work are far from the critical density values, where the van der Waals equation is less accurate. Table 2 shows the maximum and critical densities.
It is worth mentioning that the adoption of more accurate and detailed equations of state, using attraction parameters dependent on temperatures, would require full numerical solutions in order to determine the propulsion and thermodynamic parameters. The evaluation of thermodynamic properties is required for the derivation of analytical solutions for the flow properties and propulsion parameters. Initially, the specific heats of a real gas at constant pressure and volume, c p and c v , respectively, are obtained from the thermodynamic relations:
where the "0" superscript denotes ideal gas property. Replacing equation (1) into equations (2) and (3) 
where b * = b/v and ε = a/ Pv 2 are, respectively, the nondimensional covolume and nondimensional attraction parameter. Consequently, c p > c v and the ratio of specific heats, γ = c p /c v , of a VDW gas are
A differential entropy variation ds can be calculated from
Considering an isentropic process, ds = 0, and using c 0 p − c 0 v = R, the integration of equation (6) yields the variation of a specific volume:
where subscript "c" denotes chamber conditions. Combining equations (1) and (7), the pressure variation along the nozzle is determined:
A differential enthalpy change dh can be obtained from
Then, integrating equation (9) 
which is similar to the enthalpy equation presented by Cramer and Sen [26] . Flow velocity is calculated from the energy equation u 2 = 2 h c − h for steady one-dimensional adiabatic flow with no work performed and no potential energy variation. Consequently, substituting equation (10), it results the following:
Assuming small pressure variations, the speed of sound is given by c = ∂P/∂ρ s 1/2 where subscript "s" denotes the constant entropy. Applying Maxwell thermodynamic relations, it follows that
and for the VDW EOS, it yields
Equation (13) shows that larger covolumes and smaller intermolecular forces increase the speed of sound. Combining the differential forms of the mass conservation equation and Euler equation, with the speed of sound definition, implies that flow velocity and speed of sound are equal at the nozzle throat:
where subscript "t" indicates the throat conditions. Replacing equations (11) and (13) into equation (14) yields the nozzle throat temperature:
which can be solved iteratively using equation (7) for a specific volume calculated at the nozzle throat. Equation (15) is significantly simplified for a Noble-Abel (NA) gas, i.e., with a = 0 or ε = 0:
and in the case of thermally perfect ideal gases, a = b = 0; therefore, T t = 2/γ t T c T t c 0 p /R dT . After throat conditions are determined, the critical mass flow rate constant can be calculated: Γ = m RT c / A t P c , where m is the mass flow rate of propellants. Since, at the nozzle throat, m = ρ t u t A t = u s,t A t /v t , then,
RT c P c 17
Defining the characteristic velocity of propellants by c * = P c A t /m and replacing equation (17), for a VDW gas, it yields
The thrust coefficient is defined by c F = F/ P c A t , where F is the rocket thrust. Assuming no divergence losses, F = mu e + P e − P a A e , where subscript "e" denotes the nozzle exit conditions and subscript "a" denotes the ambient conditions. Once the mass flow rate is calculated by
RT c 19
and the exit velocity of propellants, or combustion products, is obtained from equation (11) where
Exit specific volume, exit pressure, and exit velocity can be calculated for a given exit temperature. Assuming perfect expansion in vacuum, the exit-specific volume will approach infinity, and exit pressure and exit temperature will approach zero; then the optimum thrust coefficient in vacuum can be calculated by
The specific impulse of a rocket is defined by Isp = F/ mg o , where g o is the standard gravity acceleration at a sea level. Since Isp = c * c F /g o , the optimum specific impulse in vacuum is
Equation (27) indicates that larger covolumes and smaller intermolecular attraction forces increase the optimum specific impulse, if their influences on specific heat and combustion temperature can be neglected.
Simplified Solutions
The previous analytical solutions can be simplified in special cases. The critical flow constant and characteristic velocity of a thermally perfect NA gas [22] are calculated, respectively, by (20)- (25) yields the thrust coefficient and nozzle area expansion ratio of a rocket propelled by a NA gas: Since Isp NA = c * NA c F,NA /g o , the optimum thrust coefficient and the optimum specific impulse, for a NA gas, are given, respectively, by
If intermolecular attraction forces and covolumes are neglected, a = 0 and b = 0, and the VDW EOS becomes the thermally perfect ideal gas equation of state (IG-TP EOS) and the previous results for NA gases are further simplified. Assuming constant specific heats, calorically perfect solutions for NA gases and ideal gases can be derived.
Results and Discussion
Rocket propulsion parameters and flow thermodynamic properties for different rocket chamber conditions and nozzle expansion ratios were obtained for vacuum expansion. Steady isentropic one-dimensional frozen flows of He, H 2 , N 2 , CO 2 , H 2 O, and gases following the VDW EOS were considered. Frozen flows are assumed when flow residence time in a nozzle is shorter than reaction times, whereas equilibrium flows require a longer residence time. In the case of hydrogen recombination kinetics, the losses of specific impulses decrease with increasing pressures [9] .
At low pressures, the specific heats were assumed to obey fourth-order polynomials of temperature [23] with coefficients a i , i = 1, ⋯, 7:
The percent errors of propulsion parameters ∅ = Isp, Γ, etc. of calorically perfect (CP) and thermally perfect (TP) ideal gases (IG) in relation to VDW gases were calculated from Table 3 shows the maximum and minimum percent error values of propulsion and some flow thermodynamic parameters for CP-IG.
As seen in Figure 1 , critical flow constant errors of N 2 , H 2 O, and CO 2 (CP-IG) have negative values and their 7 International Journal of Aerospace Engineering whereas the c F error of CO 2 (CP-IG) increases monotonically from −3.68% at 1000 K to +0.05% at 4000 K.
Isp errors of all CP ideal gases, except He, are positive within the temperature range considered. Isp errors of H 2 and N 2 (CP-IG) show maximum values of +3.11% at 2680 K and 2.61% at 1310 K, respectively, whereas Isp errors of H 2 O and CO 2 (CP-IG) decrease monotonically from 5.03% to 1.2% and 3.01% to 0.28% from 1000 K to 4000 K. Isp errors of He (CP-IG) vary monotonically from −0.56% to −0.14% between 1000 K and 4000 K.
Exit pressure errors of CP ideal gases are positive and reach maximum values above 40%, except He that presents P e errors less than 2.1%. Exit Mach number errors for all CP ideal gases are negative, and their absolute values are larger than 8%, except He that shows absolute values of M e errors less than 1%. Errors of throat pressures and throat temperatures of all CP ideal gases are positive and reach maximum values lower than 1.5% and 0.8%, respectively. Figure 2 depicts errors of propulsion parameters of thermally perfect ideal gases (TP-IG), assuming P c = 10 MPa, T c = 1000 K-4000 K, and frozen flow expansion in vacuum through a nozzle with A e /A t = 100. Table 4 presents the maximum and minimum error values of propulsion parameters and some flow parameters of TP ideal gases.
Critical flow constant errors of TP ideal gases are similar to critical flow constant errors of CP ideal gases. Γ errors of N 2 , H 2 , and CO 2 (TP-IG) have negative values, and their absolute values decrease monotonically from 1000 K to 4000 K, while Γ errors of H 2 (TP-IG) are approximately zero and Γ errors of He (TP-IG) are slightly positive and approach zero for larger temperatures. Characteristic velocity errors have opposite sign and are similar to the critical flow constant errors. H 2 O (TP-IG) presents the largest c * errors which vary from about +12.81% to 0.56% between 1000 K and 4000 K.
Properties of He (TP-IG) and He (CP-IG) are equal since specific heats of helium do not vary with temperature in the range considered.
Thrust coefficient errors of TP ideal gases show similar behavior to critical flow constants of TP ideal gases. Absolute values of c F errors of H 2 O, CO 2 , and N 2 (TP-IG) decrease monotonically from 1000 K to 4000 K, whereas the values of c F errors of H 2 and He (TP-IG) are approximately zero. 
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Thrust coefficient errors and specific impulse errors of TP ideal gases are not significantly affected by the nozzle area ratio variation, but their absolute values decrease significantly for increasing chamber temperatures. On the other hand, exit Mach number errors and exit pressure errors of TP ideal gases are strongly affected by the variation of a nozzle area ratio and their absolute values decrease monotonically with increasing temperatures, except for H 2 O, which presents a minimum exit Mach number around 1200 K.
AGARD-AR-321 [16] presented experimental and theoretical data for the critical flow constant of air for pressures up to 40 atm, showing that errors of the calorically perfect solutions vary linearly with chamber stagnation pressures and inversely with chamber stagnation temperatures in the temperature and pressure ranges considered. Johnson [27] has presented numerical data, based on virial equation solutions, of the critical flow constants of N 2 and He, considering stagnation temperatures 100-400 K and stagnation pressures 0-300 atm. The N 2 critical flow constant error presented quite slight variations with increasing pressures, for temperatures approaching 400 K. In the case of He, the critical flow constants varied linearly with pressure in all temperatures considered. Similar tendencies have been observed in the present results for the critical flow constants, for both calorically and thermally perfect ideal gases compared to VDW gases.
Conclusions
Real gas effects and the variation of fluid properties can significantly affect propulsion parameters of rockets and thermodynamic parameters of nozzles. In general, the influence of real gas effects is more meaningful for lower chamber temperatures and higher chamber pressures. However, the flow through a nozzle presents large pressure and temperature variations which yield significant effects on exhaustion properties. New analytical solutions for propulsion parameters were derived, considering gases obeying the van der Waals equation of state and assuming specific heats varying accordingly to pressure and temperature. Equations for specific impulses, thrust coefficients, characteristic velocities, critical flow constants, and throat and exit properties were determined, considering one-dimensional isentropic frozen flows through a nozzle. Errors were calculated for the vacuum expansion of calorically perfect and thermally perfect ideal gases, in comparison to solutions for the expansion of van der Waals gases. Data were presented for He, H 2 , N 2 , H 2 O, and CO 2 , for chamber temperatures 1000-4000 K and chamber pressures 5-35 MPa, with different nozzle expansion ratios. Correction factors for the effects of real gases and variable properties, in general, are small; however, they can be larger than other correction factors usually adopted for design and performance analysis of real nozzles, depending on chamber conditions and propellant choice. Equations for the optimum thrust coefficients and optimum specific impulses were derived indicating the influences of covolumes and attraction parameters. Larger covolumes and smaller intermolecular forces increase the optimum specific impulse, disregarding the influences on specific heats and combustion temperature. Further analysis may consider mixtures of gases or combustion products, more accurate equations of state, equilibrium, and nonequilibrium flows, heat transfer, viscous losses, boundary layer formation, flow separation, presence of shock waves, and three-dimensional losses. Chamber condition cr:
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